ABSTRACT A theoretical analysis is presented of the change in membrane potential produced by current supplied by a microelectrode inserted just under the membrane of a spherical cell. The results of the analysis are presented in tabular and graphic form for three wave forms of current: steady, step function, and sinusoidal. As expected from physical reasoning, we find that the membrane potential is nonuniform, that there is a steep rise in membrane potential near the current microelectrode, and that this rise is of particular importance when the membrane resistance is low, or the membrane potential is changing rapidly. The effect of this steep rise in potential on the interpretation of voltage measurements from spherical cells is discussed and practical suggestions for minimizing these effects are made: in particular, it is pointed out that if the current and voltage electrodes are separated by 600, the change in membrane potential produced by application of current is close to that which would occur if there were no spatial variation of potential. We thus suggest that investigations of the electrical properties of spherical cells using two microelectrodes can best be made when the electrodes are separated by 60°.
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point source (in practice, a source very small compared to the dimensions of the cell) in a cylindrical cell (Falk and Fatt, 1964; Eisenberg, 1967; Adrian, Costantin, and Peachey, 1969; Eisenberg and Johnson, 1970) as well as in a thin plane cell and a thick plane cell (Eisenberg and Johnson, 1970) have shown that, sufficiently near a point source, there is a steep rise in true transmembrane potential not predicted by the usual one-dimensional theory. The physical origin of this steep rise in potential is that in the neighborhood of a point source, the current density is very high. Since the resistance of this region is not zero (indeed the resistance of this region is very high because of its small dimensions) the potential near the source must be very high. This phenomenon is analogous to the familiar "convergence resistance" (that is, the resistance associated with the flow of current from a small source imbedded in an infinite resistive solid) although the presence of a high resistance membrane greatly complicates the analysis of the biological case. Since the physical cause of this steep rise in potential lies in the size and shape of the source, not the over-all shape of the membrane (provided the membrane is reasonably smooth near the source), a similar phenomenon would be expected to occur in a spherical cell. Indeed, in an early publication Rall (1953) mentioned that such a steep rise (or more precisely, a "singularity") in membrane potential occurs in one of the solutions of an equation for the membrane potential of a spherical cell.
It thus seemed of interest to reinvestigate quantitatively the assumption of the uniformity of membrane potential in a spherical cell, particularly looking for deviations in the region of the point source. Our investigation was made for three types of source; a steady source, a step function source, and a sinusoidal source. The results of these computations are presented in both tabular and graphic form. The details of the analysis for each case can be found in the appropriate Appendix.
Several conclusions from our analysis may be of interest to the general reader: (a) There is a striking nonuniformity of membrane potential near the point source, and this nonuniformity becomes of particular importance when the membrane potential is changing rapidly or when the membrane resistance is low. (b) A simple equivalent circuit describes, to a first approximation, the effects of the nonuniformity of membrane potential. (c) There is a region of the cell (a ring situated at about 600 from the source) in which the membrane potential is close to the membrane potential of a cell of uniform potential. Measurements made with this angular separation between the current source and voltage electrode can be interpreted, at least to a first approximation, using the usual equations for an isopotential cell. Thus, it seems reasonable to recommend that experimental measurements of the electrical properties of spherical cells be made with an electrode separation of about 60°.
RESULTS
The precise problem we wish to solve is the following. What is the change in membrane potential of a spherical cell when a current is applied to the cell from a point source' just under the membrane, assuming the external medium remains isopotential (Fig. 1) ? A solution to the problem can be found from Hellerstein (1968) or Carslaw and Jaeger (1959) and can be considerably simplified as shown in Appendix 1. We will first present the steady-state solution and then show how this can be generalized easily to the transient solution for a step of current, or the solution for a steady sinusoidal excitation. FIGURE 1. A schematic drawing of a spherical cell with two microelectrodes inserted just under the membrane. The cell radius is a (cm); the angular separation between the electrodes is 0 (degrees or radians); and the curvilinear separation of the electrodes, measured at the circumference of the cell, is S (cm).
Steady-State Solution
The steady-state solution can be written as
and where Vm is the membrane potential; i is the current applied; a is the radius of the spherical cell (units: cm), R, is the resistance of 1 cm 2 of membrane (units: ohm-cm'), Ri is the volume resistivity (units: ohm-cm) of the cytoplasm, the ratio of these quantities is called the generalized space constant 2 (that is, Rm/R = A; units: cm), 0 is the angular separation between the electrodes (an angular separation of 0 degrees corresponds to a curvilinear separation of S = a07r/180 0.175 a) and P, is a Legendre polynomial (Abramowitz and Stegun, 1964) . It is shown in Appendix 1 that this solution, while not exact, is sufficiently accurate under physiological conditions. Even under worst case conditions when the space constant is twice the radius, the total error in equation (1) is less than 2.2% for all angles. It is interesting to note that, except for a scale factor, equation (1) depends on only two parameters, the angular separation 0, and the ratio of radius to generalized space constant a/A. Table I and Fig. 2 give the values of the functions D, Eo, and csc 0/2. It can be seen that for small angular separations and small values of a/A the dominant term of equation (1) is (a/A) csc 0/2 and thus an approximate form of the solution is
in which the second term has the units of resistance and will later be called R, (Fig. 6 ). With Table I it is a simple matter to compute the effect on membrane potential of the three-dimensional spread of current. One determines the value of the generalized space constant A appropriate to the problem; the angular separation 0 of the source and recording electrode; and the radius a of the cell. Then using equation (1) and the values of D, Eo, and csc 0/2 given in Table I , one can calculate the potential expected at the tip of the voltage electrode. It is useful to analyze equation (1) in another way. If one remembers that the expression for the membrane potential in an isopotential cell (that is, a cell in which the voltage gradient produced by the three-dimensional spread of current is of no significance) is Vm = iR,/4ira 2 , then we see that the full three-dimensional solution consists of the isopotential expression multiplied by a correction factor. In other words this correction factor is the ratio of the potential predicted by three-dimensional theory to that predicted by isopo-2 It should be pointed out that in this paper the symbol A refers only to the DC generalized space constant. That is to say, A is identical to R,/R i and is entirely independent of capacity current and thus time. In the qualitative analysis of time-dependent phenomena it is useful to introduce a generalized frequency-dependent space constant (see Eisenberg and Johnson, 1970, p. 59) but this is possible here only to the limited extent that equation (3) is an adequate approximation. The reader should be warned that the generalized space constant A is not analogous to the length constant X = [aR,/2Ri]l defined for long cylindrical cells. tential theory and thus measures the fractional error in the isopotential expression. The correction factor depends only on the angular separation and the ratio of the radius to space constant. Table II presents values of this correction factor for a wide variety of "space" constants and angular separations. The column headed 60°is set in boldface type since for this electrode separation A is defined as the ratio of the membrane resistance (ohm-cm 2 )
to the internal resistivity (ohm-cm); i.e., A = R/Ri . a is the cell radius. 0 is the angular separation of electrodes. The computation was carried to enough figures to ensure that the last significant figure is correct.
the correction term is negligible for all values of a/A considered. Figs. 3 and 4 are graphical representations of the same data. It is clear from these plots that the correction factor becomes significant when a/A is large and/or the electrode separation is small. For resting values of the membrane resistance (that is for R, of the order of a few thousand ohm-cm2) and for cell radii in the usual range (from say 0.05 to 0.005 cm) the radius is small compared to the space ) and the effect of the three-dimensional spread of current is small even at electrode separations of 5°. By extrapolation (and indeed by analysis) it can be seen, however, that at sufficiently small separations the correction term is important. Thus, when a single electrode bridge or double-barreled electrodes are used (Eisenberg and Johnson, 1969) , 3 the FIGURE 4 FIGURES 3 AND 4. Plots of the correction factor (ordinate) for different conditions of interest. In Fig. 3 the abscissa is the angular separation between electrodes and each curve is labeled with the appropriate value of a/A. In Fig. 4 the abscissa is the value of a/A (on a logarithmic scale) and each curve is labeled with the appropriate value of 0. correction would be expected to be particularly important. Furthermore, we see that whenever the space constant is comparable to the cell radius the correction factor is significant over a wide range of angles. This latter condition occurs, in effect, when rapidly changing currents are considered, whether ,A THE JOURNAL OF GENERAL PHYSIOLOGY · VOLUME 55 1970 they be sinusoidal or of other shape (see below). Finally, under many conditions of physiological interest the membrane resistance itself drops to quite low values, sometimes low enough so that the space constant is comparable to the cell radius. It is under these conditions of very small electrode separation, rapidly changing voltages, or low membrane resistance that the correction for the three-dimensional spread of current becomes important.
Transient Solution
In Appendix 2 the transient solution of the three-dimensional problem for a step function of current applied at time t = 0 is given. It is shown there that the terms in the solution which express the dependence of the potential on angular position (the three-dimensional correction terms) are established very quickly compared to the terms which describe the change in potential with time for an isopotential cell: indeed, the time constant which roughly describes the time dependence of the three-dimensional fields is quicker (i.e. smaller) than the membrane time constant RmCm by a factor of (A/a) + 1. Thus, at times of physiological interest the response to a step function of current is described by (see equation (41) in Appendix 2)
.,-,n + a/A which can be simplified, as shown in Appendix 1, to
where r4(a/A, ) determines the spatial variation of potential
and L(t) determines the time response of the cell
Note that this term is precisely the same as that which describes the response of an isopotential cell to a step function of current. The numerical value of the term, ~4(a/A, 0) the three-dimensional correction term, can be determined by subtracting one from the correction factors previously given (see Table II and Fig. 3 ). While at the times of interest the absolute value of the three-dimensional term 4 is independent of time, the relative importance of this term varies greatly with time depending on the size of the isopotential term L(t). Thus, the relative importance is greatest at short times when the isopotential term is small. A plot of the relative importance of the three-dimensional term (that is a plot of p/L) is given in Fig. 5 , where an inset shows the wave form of the time response and a schematic definition of 4,6 and L. It can be seen that the three-dimensional effect is of significance primarily for small times and small angles. Note that for angular separations of around 600 the three-dimensional term is very small at almost all times, and thus cannot be conveniently shown in this log-log plot. The curves presented in Fig. 5 B would be directly applicable to a cell of RC, = 4 msec. Thus, at 40 /isec after the application of a pulse of current, and at an electrode separation of 50, the spatial variation of potential produces a (roughly) 100% effect, at 400 ,sec a (roughly) 10% effect.
DISCUSSION

General Conclusions and Relation to Previous Results
The general conclusion from our analysis is that the change in membrane potential in a spherical cell produced by current applied from a microelectrode lying just under the membrane is quite uniform around most of the cell, with striking deviations in the vicinity of the microelectrode source. These deviations are particularly important under conditions where there is a high current density crossing the membrane, that is when the membrane resistance is low or during rapid changes in membrane potential.
It is now necessary to discuss why this nonuniformity of potential has been overlooked by previous investigators (however, see Rall, 1953) . The solution to a similar but somewhat more general problem has been previously found by Hellerstein (1968) and Eisenberg and Johnson (1970) , and as shown in Appendix 1 these solutions coincide at least for the particular case which we consider here, namely with the current electrode just under the membrane. Essentially, the reason that our interpretation of the solutions differs is that we have quantitatively evaluated the solution in the region near the point source, and investigated the convergence properties of the solution in that region. Thus, while the second term in the infinite series (our equation (10) or equation (98), p. 376 of Hellerstein, 1968 ) is very much smaller than the first term, (even at zero electrode separation), the third (and higher) terms are approximately equal to the second term and thus when sufficient terms are included the first term is no longer dominant. The above statement is simply a qualitative way of stating that at zero angular separation the infinite series defining the potential does not converge. It is easy to prove this point directly remembering that P,(1) = 1 and that the sum E (l/n) does not converge; nit is more difficult to show that the other form of the solution (namely, our it is more difficult to show that the other form of the solution (namely, our equation [8]) does not converge, but this can be done. The reason for this failure in convergence and thus, in physical language, the steep rise in potential near the point source, lies in the nature of a three-dimensional point source: a point source forces a finite current to flow through an infinite resistance and thus requires an infinite potential (see, for example, Table 1-1, p. 12 of Panofsky and Phillips, 1955) .
Effect of Electrode Depth
We have not been able to evaluate the change in membrane potential produced by a current injected from a microelectrode at an arbitrary depth within the cell. The solution derived by Eisenberg and Johnson (1970) is impractical in this case since it converges exceedingly slowly, and we have not been able to simplify the solution with a theorem analogous to that developed in Appendix 1. Nonetheless it seems quite clear that the essential result of our analysis, namely the existence of a steep rise in membrane potential near a point source, is true even if the source is not immediately under the membrane but is somewhat deeper in the cell. The reason for this conclusion is as follows. Except perhaps right at a source the functions which describe any electric field are continuous functions of distance and have continuous derivatives up to and including at least the second order (this statement is implied by the fact that away from a source an electric field can be described by Laplace's equation [equation 34]). Thus, as a source is moved from just under the membrane deeper into a cell the membrane potential does not change abruptly.
The above abstract reasoning is consistent with the results computed for a cylindrical cell by Eisenberg and Johnson (1970, Pt. A, sect. IV.4) for a problem analogous to ours. They showed that the qualitative features of the spread of potential were the same whether the source was located at r = a or at r = 0.75 a. Thus, even when the source is quite deep within the cell there is a steep rise in true transmembrane potential in the vicinity of the electrode.
Physiological Implications 4
The discussion of Eisenberg and Johnson (1970, Pt. B, sect. 1, pp. 46-56) concerning the physiological implications of the steep rise in membrane potential near a point source of current is applicable to the spherical cell. In particular, the three-dimensional effect is important in understanding (a) the nature of the artifacts produced when potential is recorded with the same microelectrode that is used for passing current, (b) the artifacts associated with the use of double-barreled microelectrodes, (c) the difficulties involved whenever one seeks to control the membrane potential of a cell with current supplied from a microelectrode.
It is clear that in routine measurements of the electrical properties of spherical cells the electrodes should be placed at an angular separation of around 60°; this corresponds to a curvilinear separation of 1.05 a where a is the cell radius. With this separation under conditions of physiological interest, there is almost no deviation of potential from that predicted for an isopotential cell.
When the electrode separation is small enough so that the three-dimensional correction is significant, the full equation (1) can be approximated to some extent by equation (3). Thus, the major effect of the three-dimensional spread of current is to produce an additional potential the absolute size of which is independent of the membrane resistance or impedance but whose relative importance does depend on the membrane properties. It should be emphasized that this extra potential represents a component of the true transmembrane potential and does not represent an internal potential drop in the resistive medium filling the cell. We have seen that the variation in membrane potential drop associated with the three-dimensional spread of current is CmX~r02O 1
Ryf (9)
Cell Radius a, Angular Separation of Electrodes 8 FIGURE 6. The equivalent circuit of the spherical cell. This circuit is most useful in a qualitative sense, since R, has physical meaning only when the electrode separation is small and the space constant is large. More precisely, this circuit is useful when the approximate equation (3) is satisfactory.
spread of current is to produce an additional potential drop across the membrane, this potential drop being proportional to current and independent of time. In other words the main effect of the three-dimensional spread of current can be represented by modifying the equivalent circuit of the spherical cell to include a resistance Rp (equivalent to the second term in equation [3] ) in series with the usual parallel arrangement of R, and Cm (Fig. 6 ). The size of this equivalent resistance is given by the various tables and figures in the Results section. It should be pointed out that the resistance Rp has limited physical significance, in that it is a useful description only to the extent that the approximate equation (3) is valid, that is only when the angular separation between electrodes is small and when the generalized space constant A is large.
APPENDIX 1
Part 1. Derivation of the Solution
The full solution to the problem of the membrane potential in a spherical cell, the source of current being a point lying just under the membrane, has been given by Hellerstein (1968) and determined by Eisenberg and Johnson (1970, Pt. A, sect. V) by an integration of a solution presented in Carslaw and Jaeger (1959, p. 382) .6 The solution derived by Eisenberg and Johnson is written here in terms of cylindrical Bessel functions Jn + 1/2 and Legendre polynomials P, (see Abramowitz and Stegun, 1964) .
where P, are the positive roots, numbered in order of increasing magnitude, of
A prime denotes the derivative.
The solution given by Hellerstein (1968) includes the effects of external resistance and different radial locations of electrodes, but can be specialized to our case by setting r = a, t = oo, and using our names of variables
The first part of this Appendix is devoted to showing that these two solutions coincide, the second part of the Appendix then shows how to write the solution in much simpler form.
6
It is easy to see that equations (8) and (10) 
where h is defined as a/A -½ and v (any real number) is written to denote the order of Bessel function (which in equation (8) was written as n + 3). It was gratifying to find a statement of this relation in Lamb (1884, footnote, p. 273) but the tantalizing absence of a proof made the following derivation necessary. Full details of the proof are given but we refer the reader to works on complex analysis (for example, Whittaker and Watson, 1927; Markushevich, 1965) for the necessary background material. Our plan of attack will be to consider a function F(z) of Bessel functions closely related to equation (9), namely
F(z) = zJ(z) + , (z) 12)
Note that F(z) has a simple power series expansion which can be derived from the expansions of J,(z) and JI,(z) (Whittaker and Watson, 1927, sect. 17.2) :
+ Z4 4+v +h + (2)(4)(2v + 2)(2v + 4) + Definitions, properties, and tables of the gamma function r(z) can be found in Abramowitz and Stegun (1964) . We now expand this function F(z) into an infinite product in order to determine the roots f and to derive the desired sum. Since the function F(Z) is well-behaved (that is, it can be differentiated at every point in the complex plane) and has simple (that is, not repeated) roots at the points , it can be written as a Weierstrass infinite 6 The following proof is presented in detail because we were originally skeptical of the equality of the two solutions and felt that a proof was necessary. Moreover, the following proof uses a powerful method which is not found in standard texts and may be useful.
product (Whittaker and Watson, 1927, sect. 7 .5) of the form
and we have used the standard notation for infinite products (Markushevitch, 1965, p. 334) .
a-i
Fortunately, in our case this expression can be considerably simplified. We note that in the series expansion of F(z) (equation [13] ) all the powers of z are even. Thus, if # is a root of equation (12) so is -A also a root. Then, every factor eP in the infinite product (14) is multiplied by a factor e -I / 1 and thus becomes unity. Similarly, the factors (1 -z/#) and (1 + z/l) multiply to give a perfect square and the infinite product expansion takes the form
where the product is taken over all the positive roots 3,, numbered according to size /1 < 2 < -·-. We can evaluate the first two factors in this equation from the power series expansion (13). Thus
So we have as the final simplified form of the product expansion
In order to convert the infinite product into a sum we take the logarithm of both sides and then differentiate,
This relation is beginning to look promising since it gives a closed form expression for an infinite sum involving the roots , . However, a few more manipulations are necessary to put the series in the form we seek. We notice that for a special value of z namely
the infinite series in equation (19) takes on the form desired (see equation [11] ).
Thus, if we let z = zo in both sides of equation (19), we have
,-1 : -v2 + h2 Zo
Note that this equation gives a closed form expression for the infinite sum. But the right-hand side of this equation can be considerably simplified by using the differential equation which defines Bessel functions
If this equation is evaluated at z = zo we have
Then, we substitute equation (23) into equation (21) 
zoJ;(zo) + hJ,(zo)
cancelling and using equation (20),
This completes our proof of equation (11) and establishes the identity of the two solutions (8) and (10).
Part 2. Simplification of the Solution and Computational Methods
The solution presented above, while correct, is quite impractical. Since it is an infinite series which converges slowly (that is to say, which requires the consideration of many terms), it requires a great deal of computation and yields little physical insight. We will now put this solution into more useful form. The plan of attack is to manipulate the series into a form where much of the infinite series can be summed (i.e. written in closed form). We consider the infinite series alone and perform long division:
E " 'Pn (Cos ) = P (os ) - 
The first two of these infinite series can be summed in closed form by simple manipulation of the infinite series which generates Legendre polynomials (see Wheelon, 1968, p. 53) :
Thus, it is only necessary to compute the last two infinite series in equation (29). The first of these infinite series has the useful property that it depends only on the electrode separation and is independent of the properties of the cell, namely the radius and the generalized space constant. Thus, this series need be evaluated only once for each angle and yet is still applicable to all cells. This series was summed for those angles shown in Table I on a Hewlett-Packard 9100A desk calculator (which has an accuracy of 10 significant figures) using the tables of P, (cos 0) of Clark and Churchill (1957) . Sufficient numbers of terms were used so as to ensure the significance of the least significant digit in all cases. In no case should the figures be in error by more than 40.005. The sums for = 0°and 1800 are known in closed form, and thus for those cases our summation procedure could be checked.
Since we are concerned only with cases in which the generalized space constant is larger than the cell radius (that is, a/A < 1), the final infinite series in equation (29) would be expected to be relatively insignificant and we will now examine the error involved in ignoring this term. We will consider the sum (a/A) -a/A P, (os ( 30) n1 n 8 which is clearly always larger than the sum of interest for a/A < 1. Thus, the error we compute is an upper bound. This sum is largest in magnitude for 0 = 0°, in which case the value of the sum is (since P,(1) = 1) (Wheelon, 1968, p 
The relative error in equation (29) produced by dropping the last infinite series term is thus always less than this figure. In particular, for a/A the largest error is 2.2% (when a/A = 1/3). at time t = 0, the transform of the current is
L{i(t)} = i(s) = io/s
Then the Laplace transform of the voltage is l/s times the right-hand side of equation (39) and we can determine v(t) from tables (Roberts and Kaufman, 1966 Cm in series with a resistance Ri/4ra.
Part 2. The Solution for Steady Sinusoidal Currents
The equation given above for the solution of our problem for time-dependent currents (equation [38] ) is applicable to a wide variety of excitations, including most functions of physical interest. A particular type of excitation which is very useful in determining
